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Abstract
Superfield approach in supersymmetric quantum field theory is described. Many
examples of its applications to different superfield models are considered.
1 Introduction. General properties of superspace
This paper presents itself as lecture notes in superfield supersymmetry based on lectures
given at Instituto de F´isica, Universidade de Sa˜o Paulo and Instituto de F´isica, Universi-
dade Federal do Rio Grande do Sul (Porto Alegre).
The idea of supersymmetry is now considered as one of the basic concepts of theoretical
high energy physics (see f.e. [1]). Supersymmetry, being a fundamental symmetry of
bosons and fermions, provides possibilities to construct theories with essentially better
renormalization properties since some bosonic and fermionic contributions cancel each
other. Moreover, there are essentially finite supersymmetry theories without higher
derivatives, f.e. N = 4 super-Yang-Mills theory. Now most specialists in quantum field
theory suggest that unified theory of all interactions must be supersymmetric.
Concept of supersymmetry was introduced in known papers by Volkov and Akulov [2]
and Golfand and Lichtman [3] in early 70’s and received further development in [4] (the
history of arising of the concept of the supersymmetry is well described in the book [5]).
The essential breakthrough in supersymmetric field theory was achieved with introducing
the idea of a superfield [6] (see also [7, 8]). The superfield approach in supersymmetric
quantum field theory is a main topic of these lectures. We use notations introduced in
[9, 10].
A superfield is a function of bosonic coordinates xa and fermionic (Grassmann) ones
θiα, θ¯jα˙. The fermionic coordinates are transformed under spinor representation of Lorentz
group. The indices i, j in general case take values from 1 to N in the case of N -extended
supersymmetry. Here and further we are generally interested in N = 1 case. However, we
note that all theories with N -extended supersymmetry possess N = 1 formulation. The
supersymmetry transformations for coordinates are
δθα = ǫα; δθ¯α˙ = ǫα˙; δx
a = i(ǫσaθ¯ − ǫ¯σaθ). (1.1)
Here ǫα, ǫ¯α˙ are fermionic parameters. The general form of superfield is (see f.e. [9, 11]):
F (x, θ, θ¯) = A(x) + θαψα(x) + θ¯α˙ζ
α˙(x) + θ2F (x) + θ¯2G(x) + i(θ¯σaθ)Aa(x) +
+ θ¯2θαχα(x) + θ
2θ¯α˙ξ
α˙(x) + θ2θ¯2H(x). (1.2)
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We note that this power series is finite due to anticommutation of Grassmann numbers
θ, θ¯ which enforces θn, θ¯n to vanish at n ≥ 3. Further we will see that there are some
restrictions on structure of superfields caused by the form of representation of supersym-
metry algebra. Here f(x), ψα(x), . . . are bosonic and fermionic fields forming component
content of superfield F . If a theory describing dynamics of these fields is supersymmetric
its action should be invariant under supersymmetry transformations, i.e. symmmetry
transformations with fermionic parameters.
Example. In Wess-Zumino model [9] these transformations have the form
δA(x) = ǫαψα(x);
δψα(x) = ǫαF (x)− ǫ¯α˙i∂αα˙A(x);
δF (x) = ǫ¯α˙i∂
αα˙ψα. (1.3)
Variation of arbitrary superfield F (x, θ, θ¯) has the form
δF (x, θ, θ¯) = (ǫαQα + ǫ¯α˙Q¯
α˙)F (x, θ, θ¯). (1.4)
Here Qα, Q¯α˙ are generators of supersymmetry possessing anticommutation relations
{Qα, Q¯α˙} = 2iσmαα˙∂m; {Qα, Qβ} = {Q¯α˙, Q¯β˙} = 0; [Qα, ∂m] = 0. (1.5)
The variation (1.4) is a translation in some space.
As a result we need in introducing some extended space parametrized by bosonic and
fermionic coordinates (xa, θα, θ¯α˙) which includes standard space-time as subspace. This
extended space is called superspace. Translations on superspace are given by standard
Poincare translations and transformations (1.4). It is easy to see that (1.4) is a manifestly
Lorentz covariant transformation. The superspace is parametrized by 4 bosonic coordi-
nates xa and 4 fermionic ones θα, θ¯α˙ so it is 8-dimensional and is denoted as R4|4. It is
natural to consider superfields as fields in the superspace. Our task is to develop quantum
theory for superfields based on principles of standard quantum field theory.
To develop field theory on superspace we must introduce integration and differentiation
on superspace, i.e. with respect to Grassmann coordinates. We can introduce left ∂L and
right ∂R derivatives with respect to Grassmann coordinates as
∂L
∂θαi
(θα1θαi−1θαiθαi+1 . . . θαn) = (−1)a1+...+ai−1(θα1θαi−1θαi+1 . . . θαn);
∂R
∂θαi
(θα1θαi−1θαiθαi+1 . . . θαn) = (−1)ai+1+...+an(θα1θαi−1θαi+1 . . . θαn). (1.6)
Therefore these derivatives differ only by a sign factor. We can choose f.e. left one and
use it henceforth.
To introduce the integral we employ the definition
∫






It is a convention. Note that θ and dθ have different dimensions: the mass dimension of
θ is equal to −1
2
, and of dθ – to 1
2
, and variation δθ cannot be mixed with differential dθ.
Then, integral from a constant is zero, ∫
dθ1 = 0





for constant λ must be satisfied, hence λ
∫
dθ = 0. We introduce the following scalar








, d4θ = d2θd2θ¯. (1.7)





d4θθ4 = 1 (1.8)








β we conclude that integration and differentiation
in Grassmann space are equivalent. F.e. we see that
∫







F (x, θ, θ¯) =
1
16
F (x, θ, θ¯)|θ2θ¯2;∫




G(x, θ) = −1
4
G(x, θ)|θ2 . (1.9)
Here |θ2, |θ2θ¯2 denotes the corresponding component of the superfield. Of course, differen-
tiations with respect to Grassmann coordinates anticommute.











− iθα(σm)αα˙∂m, Qα = − ∂
∂θα
+ iθ¯β˙(σm)β˙α∂m. (1.10)
All possible realizations of the supersymmetry generators must satisfy relations (1.5).








. They should anticommute with generators Qα, Q¯α˙ which provides that DAΦ is
transformed covariantly, i.e. according to (1.4):
δ(DAΦ) = (ǫQ+ ǫ¯Q¯)DAΦ.
F.e. if generators of supersymmetry are realized in terms of (1.10) supercovariant deriva-
tives are realized as
D¯α˙ = −iQ¯α˙ + iθα∂αα˙ = −i ∂
∂θ¯α˙
,




Here and further ∂αα˙ = (σ
m)αα˙∂m. The spinor supercovariant derivatives satisfy the
following anticommutation relations
{Dα, D¯α˙} = −2i∂αα˙; {Dα, Dβ} = {D¯α˙, D¯β˙} = 0. (1.12)
So we defined procedures of integration and differentiation in superspace.
The next step in developing field theory is in introducing of delta function. It must
satisfy the condition analogous to standard delta function
∫
d4θ′δ4(θ − θ′)f(θ′) = f(θ). (1.13)
This identity can be satisfied if we choose
δ4(θ − θ′) = 1
16
(θ − θ′)2(θ¯ − θ¯′)2. (1.14)
It is easy to see that this delta function satisfies the condition
∫
d4θδ4(θ − θ′) = 1. (1.15)
We note the identity
δ4(θ1 − θ2)D21D¯22δ4(θ1 − θ2) = 16δ4(θ1 − θ2). (1.16)
Further we denote δ12 = δ
4(θ1− θ2). It is easy to see that δ12δ12 = δ12Dαδ12 = δ12D2δ12 =
δ12D¯α˙δ12 = 0.







determining a quadratic form zPM
P
Qz
′Q with z, z′ are coordinates on superspace. Here
A,B,C,D are even-even, even-odd, odd-even and odd-odd blocks respectively. Superde-





It is equal to
sdetM = detAdet−1(D − CA−1B). (1.19)
And supertrace is equal to StrM =
∑
A(−1)ǫAMAA = trA − trD. As usual, sdetM =
exp(Str logM).
We can introduce change of variables in superspace. Then, if it has the form
x′a = x′a(x, θ, θ¯); θ′α = θ′α(x, θ, θ¯), θ¯′α˙ = θ¯′α˙(x, θ, θ¯), (1.20)
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the measure of integral is transformed as





































d4yf(y)A(y) = f(x), (1.23)
if f(x) and A(x) are functionally independent. Just analogous definition can be introduced




d8z′f(z′)V (z′) = f(z). (1.24)
However, for chiral superfields the definition differs. Really, by definition chiral superfield
Φ(z) satisfies the condition D¯α˙Φ = 0. Choice of supercovariant derivatives in the form
(1.11) allows one make Φ θ¯-independent, then the integral from a chiral function is non-
trivial when it is calculated over chiral subspace, i.e. over d6z = d4xd2θ. Hence we must




d6z′F (z′)Φ(z′) = F (z). (1.25)
And variational derivative from integral over whole superspace with respect to chiral















= δ+(z− z′) where δ+(z− z′) = −14D¯2δ8(z− z′) is a chiral delta function.









8(z1 − z2) = (−1
4
)D2δ+(z1 − z2) = (−1
4
)D¯2δ−(z1 − z2).(1.27)





If we consider some differential operator ∆ acting on superfields we can introduce its





8(z1 − z2)∆δ8(z1 − z2). (1.28)
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Superdeterminant is introduced as
sdet∆ = exp Str(log∆). (1.30)
Further we will be generally interested in theories describing dynamics of chiral and real
scalar superfield. Note that irreducible representation of supersymmetry algebra is re-
alized namely on these superfields [9]. The most important examples are Wess-Zumino
model, general chiral superfield theory [12], N = 1 super-Yang-Mills theory and four-
dimensional dilaton supergravity [13]. In this paper we consider application of superfield
approach to these models.
2 Generating functional and Green functions for su-
perfields
Now our aim consists of describing a method for calculation of generating functional and
Green functions for superfields and following application of this method to calculation of
superfield quantum corrections, i.e. in development of superfield perturbative technique.
We note that during last years activity in development of nonperturbative approaches in
superfield quantum theory stimulated by paper [14] essentially increased. Nevertheless
perturbative approach is still the leading one, and possibility of using nonperturbative
methods is frequently based on applications of the perturbative ones.
The generalization of path integral method for superfield theory turns to be quite
straightforward but a bit formal. Really, generating functional is defined in terms of path
integral which is well-defined only for some special cases. However, the case of Gaussian
path integral is: (i) well-defined both in standard field theory and in superfield theory (ii)
enough for development of superfield perturbation technique.
Let us shortly describe introduction of path integral in common field theory. Let
classical action S[φ] be a local space-time functional. The equations of motion are
S,i[φ] = 0|φ=φ0. The φ0 is a solution for this equation. We suppose that Hessian is non-
singular at this point: detSij [φ]φ=φ0 6= 0 (or as is the same equation Sij |φ=φ0aj = 0 is
satisfied if and only if aj = 0. If Hessian is singular, we add to the action some term to
make it non-zero (in gauge theories such term is called gauge-fixing one), after adding of
this term all consideration is just the same as if the Hessian is non-zero from the very
beginning. We suggest that action S[φ] is analytic functional, i.e. it can be expanded into
power series in a neighbourhood of φ0:





S,i1...in(φ− φ0)in . . . (φ− φ0)i1 . (2.1)







Here and further φ˜i = φi − φi0. Terms with n ≥ 3 are called interaction terms Sint, and
the action takes the form
S[φ] = S[φ0] + S0[φ˜;φ0] + Sint[φ˜;φ0]. (2.3)
The Green function Gij is determined on the base of linearized action as
Sij[φ0]G
jk = −δki ; GijSjk[φ0] = −δik. (2.4)
The generating functional of Green functions is introduced as





(S[φ] + Jφ)). (2.5)
The Green functions can be obtained on the base of the generating functional as















(S[φ] + Jφ). (2.6)
We can calculate the path integral (2.5). To do it we expand S[φ] = S0[φ] + Sint[φ]
after changing φ˜ → φ in (2.3), S0[φ] = ∫ d4xφ∆φ where ∆ is some operator. Of course,
path integration is quite formal operation well-defined only for the Gaussian integral and
expressions derived from it. However, both in standard and superfield case we need mostly












































Feynman diagrams from expressions (2.6, 2.7, 2.8) is quite straightforward.
Let us carry out this approach for superfield theory. Our example is Wess-Zumino
model, consideration of other theories is rather analogous. We do not address specifics
of gauge theories in which one must introduce gauge fixing and ghosts since after their
introduction all procedure is just the same. The action of Wess-Zumino model with chiral
sources is










Φ2 + ΦJ) + h.c.) (2.9)
(as usual, conjugated terms to chiral superfields are antichiral ones). It can be rewritten
in terms of integrals over chiral and antichiral subspace only:














Φ2 + ΦJ) + h.c. (2.10)
7
The generating functional is
Z[J, J¯ ] =
∫
DΦDΦ¯ exp(iSJ [Φ, Φ¯; J, J¯ ]). (2.11)















δ+(z1 − z2) 0













d6zΦ3 + h.c.). (2.12)
Integration in all terms is assumed with taking into account the corresponding chirality.












The propagator is an operator inverse to this one:












In other words, propagator G satisfies the equation
∆G = −
(
δ+(z1 − z2) 0
0 δ−(z1 − z2)
)
. (2.15)
The matrix 1 =
(
δ+(z1 − z2) 0
0 δ−(z1 − z2)
)
plays the role of functional unit matrix.
Thus, the generating functional is































δ+(z1 − z2) 0





























































K−−(z1, z2) = mD
2
42(2−m2)δ
8(z1 − z2). We note that in theory of standard (not chiral)
superfield the variational derivatives with respect to sources do not involve factors D2,








Different vacuum expectations can be expressed in terms of the generating functional
(2.16) as





















































δ+(z1 − z2) 0






Of course, this expression contains all orders in coupling λ. To obtain vacuum expectations





)3 + h.c.) into power
series. As a result as usual we arrive at some Feynman diagrams. In these diagrams
n +m is the number of external points, and order in λ is the number of internal points.
Each vertex evidently corresponds to integration over d6z or d6z¯. Therefore we have to
introduce diagrams for superfield theory, i.e. Feynman supergraphs. Their value consists
of the fact that they allow one to preserve manifest supersymmetry covariance at any step
of calculations.
Generating functionals of arbitrary models can be constructed by analogy with Wess-
Zumino model:
Z[ ~J ] = exp(i(S[~φ] + ~φ ~J)). (2.20)
Here ~φ is a column matrix denoting set of all superfields, ~J is a column matrix denoting
set of corresponding sources. The Green functions can be determined in analogy with
(2.19).
3 Feynman supergraphs
It is easy to see that the Green functions (2.18), the generating functional (2.16) and the
vacuum expectations (2.19) lead to the known supergraph technique. Really, any < φφ¯ >-
propagator corresponds to (2 −m2)−1, at a chiral vertex each propagator is associated
with −1
4
D¯2, and at an antichiral one – with −1
4
D2. However, each chiral (antichiral)
vertex corresponds to integration over d6z (d6z¯). However, since we deal with δ8(z1− z2),
for sake of unity it is more convenient to represent all contributions in the form of integrals
9




d8zF . As a result,
∫
d6zΦn-vertex is associated




d6z¯Φ¯m-vertex – with m− 1 (−1
4
D2)-factors – of course,
in the case when all superfields are contracted into propagators. And the vertex d8zΦmΦ¯n
in the same case – with m factors and n (−1
4
D2) factors. Here and further we refer to
superfields contracted into propagators as to the quantum ones. We see that the number
of D2, D¯2 factors for such vertices is number of antichiral (chiral) quantum superfields
associated with this vertex. There is no D, D¯-factors arisen from propagators of non-





42(2−m2)). However, only quantum fields (i.e. those ones contracted into propagators)
correspond to D2, D¯2 factors. External lines do not carry such a factor, and if one, two...
n chiral (antichiral) superfields associated with the vertex are external the number of D¯2
(D2) factors corresponding to this vertex is less by one, two... n than in the case when
all superfields are contracted to propagators.
If we consider the theory of N = 1 super-Yang-Mills (SYM) field, its quadratic action











δ8(z1 − z2) (3.2)
(note the opposite sign with respect to < φφ¯ >-propagator). Here tr is matrix trace (the
superfield V is Lie-algebra valued). There is no D factors associated with this propagator





d8z(D¯2DαV )[V,DαV ] + . . . (3.3)
Here dots denote higher orders in V . The vertices of any order involve are two D factors
and two D¯ factors. The D-factors in vertices involving both real and chiral (antichiral)
superfields are arranged in a common way, i.e. any vertex ΦΦ¯V n involves one factor
(−1
4
D¯2) acting to the Φ superfield when it is contracted to < ΦΦ¯ > propagator and one
factor (−1
4
D2) acting to the Φ¯ superfield when it is contracted to < ΦΦ¯ > propagator.
As a result we can formulate Feynman rules.
Propagators look like
< φφ¯ > = − 1
2−m2 δ
8(z1 − z2); (3.4)









vertices (here φ, φ¯ are quantum superfields) correspond to
∫








All derivatives in derivative depending vertices act on the propagators. Any external
chiral (antichiral) fields do not correspond to D¯ (D)-factors.
Of course, it is more suitable to make Fourier representation for all propagators (note







The propagators in momentum representation look like








< v(1)v(2) > = − 1
k2
δ412. (3.8)
Here 1, 2 are numbers of arguments, and δ412 ≡ δ4(θ1 − θ2) = 116(θ1 − θ2)2(θ¯1 − θ¯2)2 is a
Grassmann delta function. The D-factors are introduced as above. Note, however, that
spinor derivatives depend after Fourier transform on momentum of propagator with which
they are associated. The external superfields also can be represented in the form of Fourier
integral. Each propagator is parametrized by momentum, and any vertex corresponds to
integration over d4θ, coupling and delta function over incoming momenta. As usual,
contribution of supergraph includes integration over all momenta and combinatoric factor
which is totally analogous to that one in standard quantum field theory.
Essentially new feature of superfield theories is presence of D-factors. To evaluate





To prove this identity we can use expansion of supercovariant derivatives (1.11) and note







δ412|θ1=θ2 = 18(θ1α − θ2α)(θ¯1 − θ¯2)2|θ1=θ2 = 0








We can prove the following theorem.
The final result for the contribution of any supergraph should have the form of one
integral over d4θ.
Proof: Let us consider propagator with L loops, V vertices and P propagators. Any
vertex contains integration over d4θ, i.e. there are V such integrations. Then, due to
11
(3.7) any propagator carries a delta function over Grassmann coordinates, i.e. there are
P delta functions. Then, in any loop we can reduce the number of delta functions by
one using identity (3.9), i.e. there are P −L independent delta functions. As a result we
can carry out P − L integrations from V , and after D-algebra transformations we stay
with V − (P − L) integrations. And V − (P − L) = 1, therefore the result contains one
integration over d4θ. The theorem is proved [15].
This theorem is often called non-renormalization theorem. It means that all quantum
corrections are local in θ-space. This theorem is often naively treated as a proof of absence
of chiral corrections (proportional to integral over d2θ). However, such interpretation is
wrong since any contribution in the form of integral over chiral subspace can be rewritten








(this observation was firstly made in [16], its consequences will be studied further).
Now let us study evaluation of contributions from supergraphs. The algorithm of it is
the following one.
1. We start with one of loops. If the number of D-factors in this loop is equal to 4 we
turn to step 2. If it is more than 4, superfluous D-factors can be transported to external
lines or another loops via integration by parts, and some of them are converted into
internal momenta via identities D2D¯2D2 = 162D2, {Dα, D¯β} = −2i∂αβ . As a result we
stay with exactly 4 D-factors. If the number of D-factors is less than 4 than contribution
from the entire supergraph is equal to zero.
2. We contract this loop into a point using identity (3.9) and intergrate over one of
d4θ via delta function free of derivatives.
3. This procedure is repeated for next loops.
4. We integrate over internal momenta.
However, the best way to study evaluation of supergraphs is in considering some
examples.


























(k2 +m2)((k + p)2 +m2)
(3.11)
The number of D-factors is just 4. D-algebra transformations are trivial: we use identity







12. The free delta function δ
4
12 allows us to integrate over















(k2 +m2)((k + p)2 +m2)
(3.12)









































However, the regularization in superfield theory in higher loops possesses some peculiari-
ties [17].

































(k2 +m2)(l2 +m2)((k + l)2 +m2)
(3.15)

















































(k2 +m2)(l2 +m2)((k + l)2 +m2)
(3.16)
This integral vanishes in the standard case since it is proportional to an integral over
d4θ from constant. However, if we suppose that m is not a constant but θ-dependent
superfield this contribution is not zero. Namely this case is studied when the effective
action is studied and m is suggested to depend on background superfields.
13



































δ412G(k)G(k + p). (3.17)
Here G(k), G(k + p) are functions of momenta which explicit form is not essential here
(they are exactly found in [13]). The derivatives ∂αα˙, ∂ββ˙ are not transported from external
fields σ, σ¯. Our aim here is to obtain terms proportional to ∂mσ∂nσ¯. We suggest that
spinor derivatives associated with one propagator depend on momentum k, and with
another – to k + p.















We transport all spinor supercovariant derivatives to one propagator (here the terms with
spinor supercovariant derivatives moved to the external lines are omitted as the irrelevant






We can use (1.12) several times. At the end we get
4kαγ˙(k + p)γα˙(k + p)γγ˙(k + p)
β˙δδ412DδD¯
2Dβδ412. (3.20)








We substitute this expression in (3.18). Using identity kαβ˙kγβ˙ = δ
α
γ k
2 we obtain the
contribution from (3.18) in the form
64kαα˙(k + p)ββ˙(k + p)2δ412,
14












× kαα˙(k + p)ββ˙(k + p)2G(k)G(k + p). (3.21)
Detailed analysis carried out in [13] shows that this correction is divergent.
Calculation of corrections from supergraphs in other superfield theories is carried out
on the base of analogous approach.
We demonstrated that supergraph technique is a very efficient method for considera-
tion of quantum corrections in superfield theories whereas the component study is much
more complicated since one supergraph corresponds to several component diagrams (it is
amusing that the exact expression for the classical action of dilaton supergravity occupies
a whole page [13]). The next step of its development is introducing renormalization in
these theories.
4 Superficial degree of divergence. Renormalization.
We found that divergent quantum corrections arise in superfield theories as well as in
standard field theories. Therefore we face two problems:
(i) to classify possible divergences;
(ii) to develop a procedure of renormalization in superfield theories.
It turns out that the technique for solving these problems is quite analogous to that
one used in standard field theory. First problem can be solved on the base of superficial
degree of divergence. The natural way for solving second one is in introducing superfield
counterterms which are quite analogous to standard ones.
First of all let us consider superficial degree of divergence [18].
Example. The N = 1 super-Yang-Mills (SYM) theory with chiral matter (with
Wess-Zumino self-interaction). For all other models consideration is quite analogous.


















d8z(e−gVDαegV )D¯2(e−gVDαegV ). (4.1)


















d8z(D¯2DαV )[V,DαV ] (4.2)
and higher ones. Indices i, j are matrix indices since Φi is an isospinor, and V ≡ V A(TA)ij
is Lie-algebra valued. However, all vertices corresponding to pure SYM self-interaction
contain exactly two chiral and two antichiral derivatives. We have proved already that
all corrections should be proportional to one integral over d4θ.
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As usual, the superficial degree of divergence (SDD) is the order of the integral over
internal momenta for corresponding contribution, or, as is the same, as a degree of homo-
geneity of diagram in momenta, considered after evaluation of D-algebra transformations
[10]. The only difference of the SDD in our case is the additional impact from D-factors.
It is easy to see that contributions to the SDD are generated by momentum depending
factors in propagators and vertices (as usual, any internal momentum k gives contribu-
tion 1), loop integrations, or, in other words, by manifest momentum dependence which
is associated with propagators and loop integration, and by D-factors which are asso-
ciated with propagators and vertices (note that due to identities D2D¯2D2 = 162D2,
{Dα, D¯α˙} = −2i∂αα˙ one chiral derivative combined with an antichiral one can be con-
verted to one momentum; therefore any D-factor contribute to the SDD with 1/2). If
not all spinor derivatives are converted to internal momenta, the SDD from supergraph
evidently decreases.
Let us consider arbitrary supergraph with L loops, V vertices, P propagators (C of
them are < φφ >, < φ¯φ¯ > -propagators) and E external lines (Ec of them are chiral).
We denote the SDD as ω.
Any integration over internal momentum (i.e. over d4k) contributes to SDD with 4.
Since the number of integrations over internal momenta is the number of loops, the total





hence contribution of all propagators is equal to −2P . Since < ΦΦ >,< Φ¯Φ¯ >-propagator
contains additional 1
k2
these propagators give additional contribution −2C. Therefore
manifest dependence of momenta gives contribution to ω equal to 4L− 2P − 2C.
Now let us consider contribution of D-factors to SDD. Each vertex (both pure gauge
one and that one containing chiral superfields) without external chiral (antichiral) lines
contains fourD-factors (4.2) since any superfield φ (contracted to propagator) corresponds
to D¯2, and φ¯ – to D2. Therefore each vertex gives contribution 2. However, external chiral
(antichiral) lines do not correspond to D-factors. As a result, any external line decreases
ω by 1, Each < φφ >,< φ¯φ¯ >-propagator contains a factor D¯2 (D2) with contribution 1.
Then, due to identity (3.9) contraction of any loop into a point decreases the number of
D-factors which can be converted to internal momenta by 4, and ω – by 2. As a result
the total contribution of D-factors to ω is equal to 2V −Ec − 2L+ C (remind that each
D-factor contributes to ω with 1/2).
Therefore SDD is equal to
ω = 4L− 2P − 2C + 2V − Ec − 2L+ C = 2L− 2P + 2V − C − Ec. (4.3)
Using known topological identity L+ V − P = 1 we have
ω = 2− C − Ec. (4.4)
Really, the SDD can be lower than (4.4) if some of D-factors are transported to external
lines and do not generate internal momenta. If ND D-factors are moved to external lines
the ω is equal to




This is the final expression for the SDD. As usual, at ω ≥ 0 supergraph diverges, and at
ω < 0 – converges. We note that:
1. ω ≤ 2 hence SDD is restricted from above.
2. As the number of external lines grows, ω decreases. Therefore the number of divergent
structures is essentially restricted – it is finite (really, there can be no more than two exter-
nal chiral legs and no more than two < ΦΦ >,< Φ¯Φ¯ > propagators). And if the number
of divergent structures is finite the theory is renormalizable. Hence we shown that the
theory including chiral superfields with Wess-Zumino-type interaction and gauge super-
fields with action (4.1) is renormalizable. This is quite natural since the mass dimension
of all couplings in this theory is zero.
However, non-renormalizable superfield theories also exist.
Example. General chiral superfield model [12].
The action of the model is
S =
∫
d8zK(Φ, Φ¯) + (
∫






























Here Kij ,Wl are constants.
Propagators in the theory are just (3.7), their contribution to SDD is equal to 4L−2P−
2C as above. However, the contribution from D-factors differs. Any vertex KnmΦ
nΦ¯m
corresponds to n D¯2-factors and m D2-factors. The total contribution to ω from all such
vertices is
∑
Vt(nv +mv), i.e. sum of n and m over all vertices corresponding to integral
over total superspace. Any vertex WlΦ
l contains an integral over d6z and effectively
corresponds to (l−1) D¯2-factors. Total contribution from such vertices is ∑Vc(lc−1) (i.e.
sum over all purely chiral or antichiral vertices). Again external lines decrease the number
of D2 (D¯2)-factors by 2Ec (Ec is a number of external lines), each < ΦΦ >,< Φ¯Φ¯ >-
propagators carries one D¯2 (D2)-factor. Contraction of each loop to a point decreases the




(nv +mv) + 2
∑
Vc
(lc − 1)− 2Ec − 4L+ 2C. (4.7)
Contribution to SDD from D-factors is their number divided by two. Therefore total
SDD is equal to





(nv +mv) + 2
∑
Vc
(lc − 1)− 2Ec − 4L+ 2C) =






(lc − 1)]. (4.8)
Here we used 2L − 2P = 2 − 2V . However, any vertex gives contribution −2 to term
−2V and lc − 1 or nv + mv to other terms of ω. It is evidently that either lc − 1 or
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nv +mv can be more than 2 since either lc ≥ 3 or nv +mv ≥ 3. Hence in general case∑
Vt(nv+mv)+
∑
Vc(lc−1)−2V ≥ 0, the number of divergent structures is not restricted,
and the theory is non-renormalizable. This is quite natural since constants Kij (if i or j
no less than 2) and Wl (if l ≥ 4) have negative mass dimension.
The next problem is introduction of regularization. The most natural way of intro-
ducing regualarization in supersymmetric theories is dimensional regularization. It can











All divergences corresponds to poles in ǫ (no more than 1
ǫL
for L-loop correction).
However, there are some peculiarities. First of all, at component level any supersym-
metric action includes spinors and hence γ-matrices which are well defined if and only if
the dimension of space-time is integer. Therefore we must use some modification of the
dimensional regularization called dimensional reduction. According to it all objects with
well behaviour only at separate dimensions (such as spinors and γ-matrices) are evaluated
at these dimensions (or namely at dimension equal to 4), and integrals over momenta – at
arbitrary dimension. However, dimensional reduction leads to some difficulties in calcula-
tion of higher loop corrections since many supergraphs involve contractions of essentially
four-dimensional objects, such as Levi-Civita tensor ǫabcd, with d-dimensional objects, and
such contractions need additional definition. As a result frequently the ambiguities arise.
However, such phenomena are observed only beyond two loops.













However, this regularization also leads to some difficulties (see discussion of questions
connected to regularization in supersymmetric theories in [17]).
Technique for renormalization in superfield theories is quite analogous to that one in
common QFT. It is carried out via introduction of counterterms.
Example. Consider one-loop contribution to the kinetic term in Wess-Zumino model.






















We see that this divergence has the form of pole part proportional to 1
ǫ
. To cancel it we
must add to the initial kinetic term
S =
∫





d4θΦ(−p, θ)Φ¯(p, θ)) a counterterm





which corresponds to the replacement of
∫








is a wave function renormalization.
The essential peculiarity of superfield theories is the fact that number of counterterms
in these theories is less than in their non-supersymmetric analogs. For example, Wess-
Zumino model is a supersymmetric generalization of φ4-theory, but it possesses only
renormalization of kinetic term and no renormalization of couplings. The conclusion
about absence of divergent correction to coupling the λ (or as is the same – to chiral
potential) is also called non-renormalization theorem. However, this theorem does not
forbid finite corrections to superpotential which present in massless Wess-Zumino model
[19, 20, 21, 22].
Theare are also some interesting properties of renormalization in superfield theories.




has contribution proportional to D2δ11 = δ12D
2δ12 = 0. The similar situation can occur
in other superfield models involving the Wess-Zumino model as an ingredient. However,
in theories including vertices proportional to integral over whole superspace (f.e. dilaton
supergravity) tadpole contributions are not equal to zero [13].
Second, all contributions from vacuum supergraphs are proportional to
∫
d4θc (with
c is a constant) and also vanish. However, this statement is not true for background
dependent propagators. Using of background dependent propagators are very important
method for calculation of effective action. Now we turn to its studying.
5 Effective action and loop expansion
Effective action is a central object of quantum field theory. Studying of effective action al-
lows to investigate problems of vacuum stability, Green functions, spontaneous symmetry
breaking, anomalies and many other problems.
Effective action in superfield theory is defined as usual as a generating functional
of one-particle-irreducible Green functions. It is obtained as a Legendre transform for
generating functional of connected Green functions:




Here Γ[Φ] is an effective action, dz denotes integral over the corresponding subspace (d6z
for chiral sources, d8z for general ones), Φ is a set of all superfields, Φ(z) = δW [J ]
δJ(x)
is so
called mean field or background field, W [J ] = 1
i
logZ[J ] is a generating functional of the














Here S[φ] is a classical action of the corresponding theory. Note that φ is a variable of
integration, and Φ is a function of classical source J which does not depend on φ. We
introduced h¯ by dimensional reasons and to obtain loop expansion. To calculate this




If we have several fields we can unite them into a column vector, and all consideration is














Our aim consists here of the expansion of Γ[φ] in power series in h¯ following the approach
described in [23].























S(n)[Φ]φn + . . .
)
. (5.4)
Here S(n)[Φ] denotes n-th variational derivative of the classical action with respect to Φ
(integration over corresponding space is assumed). This expansion can be substituted
into (5.3). We introduce Γ¯[Φ] = Γ[Φ]− S[Φ] which is a quantum contribution to effective
action that can be expanded into power series in h¯: Γ¯ =
∑∞
n=1 h¯

















[Φ]φ2 + . . .+
h¯n/2
n!
S(n)[Φ]φn + . . .
)]
. (5.5)
Then, the block i√
h¯
(S ′[Φ] + J)φ can lead only to one-particle-reducible supergraphs since
its contribution with one quantum field φ can form only one propagator. Hence we can































At the same time, after substituting the expansion of Γ¯ in the left-hand side of (5.5) into
power series in h¯ we get exp( i
h¯
Γ¯[Φ]) = eiΓ
(1)[Φ](1+ ih¯Γ(2)[Φ]+ . . .) (here we suppose that h¯
is a small parameter). Substituing this expansion into (5.6) and comparing equal powers
of h¯ we see that any correction Γ(n) corresponds to some correlator. For example, one-loop
































Here, as usual, integration over coordinates in expressions of the form S(n)[Φ]φn is as-
sumed.
We can see that:
(i) All odd orders in
√







Due to symmetrical properties this integral is equal to zero.
(ii) All terms beyond first order in h¯ are expressed in the form of some correlators.



















[Φ] (further we denote it as ∆) is a some operator. In many cases it has the form










This expression is called Schwinger representation for the one-loop effective action. Sign





8(z1 − z2)eis∆δ8(z1 − z2)
Calculation of eis∆ in field theories is carried out with use of a special procedure called
Schwinger-De Witt method or proper time method [24]. This method will be discussed
in the next section.
Let us consider higher loop corrections. From (5.6) it is easy to see that all loop











Such correlators can be calculated in the way analogous to standard theory of perturba-










which allows to introduce diagram technique in which the role of vertices is played by
S(n)[Φ]φn
n!
, and role of propagators – by ∆−1. However since ∆ = S
′′
[Φ] is background
dependent (see above) we arrive at background dependent propagators < φ(z1)φ(z2) >=
∆−1δ8(z1 − z2). These propagators are known to be found exactly only in some spe-
cial cases, the most important of them are: first, constant in space-time background
superfields, second, the background superfields are only chiral. Further we consider some
examples.
Let us turn again to (5.6). We see that each quantum superfield corresponds to
h¯−1/2, and each vertex – to h¯−1 (which provides h¯n/2−1S(n)[Φ]φn). Arbitrary (super)graph
with P propagators and V vertices contain 2P quantum superfields (each propagator is
formed by contraction of two superfields). Therefore if this (super)graph contain vertices








i=1 ni−V . How-
ever,
∑V
i=1 ni is just the number of quantum fields associated with all vertices which is
equal to 2P . Therefore the correlator described by this (super)graph has power of h¯ equal
to P − V = L − 1, with L is number of loops. But any correlator of the form (5.6) is a
contrbution to Γ
h¯
, hence contribution from L-loop (super)graph to Γ is proportional to h¯L.
Hence we found that the order in h¯ from an arbitrary (super)graph is just the number of
loops in it, and the expansion in powers of h¯ is called loop expansion. As a result we see
that loop corrections can be calculated on the base of special (super)field technique.
Let us make some comments. One of the most frequent questions is: how is the
definition of (one-loop) correction in effective action in terms of trace of logarithm related
to expression of the same correction in terms of supergraphs?
To clarify this relation we give an example. One-loop effective action in Wess-Zumino















(ΨD¯2 + Ψ¯D2))]. (5.15)












(ΨD¯2 + Ψ¯D2)]n. (5.16)













External lines here are for alternating ΨD¯2/4 and Ψ¯D2/4, and internal ones are for 2−1.
At the same time, if we consider theory of real scalar superfield u in external chiral












ΨD¯2)u and the conjugated term are treated
as vertices), and one-loop effective action for this theory is again given by (5.14).
We can see that the expression of one-loop effective action in the form of the trace of
the logarithm of some operator allows to use some special technique which is equivalent
to supergraph approach, but more convenient in many cases. This technique is called
proper-time technique.
6 Superfield proper-time technique
As we have already proved, if the quadratic action of a quantum (super)field φ on classical




dx here denotes integral over all (super)space),







eis∆. Therefore we face the
problem of calculating the operator eis∆. In most important cases ∆ = 2 + . . . where
dots denote background dependent terms. It is known [24] that the best way to find
this operator in the case of common field theory is as follows. We introduce U(x, x′|s) =
eis∆δ4(x− x′) called Schwinger kernel. Of course, U depends on background superfields.





The ∆ is supposed to have form of power series in derivatives. And U satisfies initial
condition
U(x, x′)|s=0 = δ4(x− x′).
In general case U is represented in the form of infinite power series in parameter s (called
proper time) as [24]










(Ultraviolet) divergences correspond to lower orders of this expansion (note that ultra-
violet case corresponds to s → 0, infrared one – to s → ∞). Coefficients an depend on
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background superfields and their derivatives. We note that if background superfields are
put to zero, we arrive at














The approach in case of superfield theories is quite analogous. However, it possesses
an essential advantage. In this case it is more convenient to expand Schwinger kernel
U(x, x′; s) not in infinite power series in s but in a finite power series in spinor superv-
covariant derivatives (these series are finite due to anticommutation properties of spinor
derivatives).
Really, in most cases operator ∆ in superfield theories looks like
∆ = 2 +
∑
Anm(D
α)n(D¯α˙)m ≡ 2 + ∆˜ (6.5)
with ∆˜ is some background dependent operator (in most cases it contains only even
orders in spinor derivatives, here we consider this case), Anm are background dependent
coefficients. We introduce the structure
U(z, z′; s) = exp(is∆)δ8(z − z′) ≡ exp(is∆˜) exp(is2)δ8(z − z′) (6.6)
(last identity is valid in the case of contributions which do not depend on space-time
derivatives of superfields). We substitute natural initial condition
U(z, z′; s)|s=0 = δ8(z − z′).
And exp(is2)δ8(z − z′) = δ4(θ − θ′)U (0)(x, x′; s) where U (0)(x, x′; s) is given by (6.3).
Hence
U(z, z′; s) = exp(is∆˜)U (0)(x, x′; s)δ4(θ − θ′). (6.7)





It is easy to see that U˜ |s=0 = 1. We expand U˜ into power series in spinor supercovariant
derivatives:























and substitute (6.9) into equation (6.8). As a result we obtain in right-hand side some
power series in spinor derivatives. Comparing coefficients at analogous derivatives in
right-hand side and left-hand side of identity we get
1
16
A˙ = U˜∆˜|D2D¯2 ;
1
8
B˙α = U˜∆˜|DαD¯2 ;
1
4
C˙ = U˜∆˜|D2 (6.10)
and analogous equations for A˜, B˜α˙, C˜. Here dot denotes
∂
∂is
, and |D2 etc. denotes coeffi-
cient at D2 etc. in U˜∆˜. As a result we have system of first-order differential equations on
coefficients determining structure of operator U˜ . Since U˜ |s=0 = 1 we have natural initial
conditions
A|s=0 = A˜|s=0 = Bα|s=0 = B˜α˙|s=0 = C|s=0 = C˜|s=0 = 0. (6.11)
The system (6.10) with initial conditions (6.11) can be solved like common system of
differential equations (note however, that this solution is mostly found in special cases,
such as independence on spinor derivatives of background superfields, or dependence on
chiral background superfields only etc.)
Then, U˜(s) (often called heat kernel) can be used for calculation of Green function as
G(z1, z2) = i
∫ ∞
0
dsU˜U (0)(x, x′; s)δ4(θ − θ′) (6.12)















d4xd4θ, we also use definition (6.3). Then, it is known that δ4(θ −
θ¯)D2D¯2δ4(θ − θ¯) = 16δ4(θ − θ¯), and all products of less number of spinor derivatives
give zero trace. Hence only coefficients of (6.9) giving non-zero contribution to one-loop









d4xd4θ(A(s) + A˜(s))U (0)(x, x′; s)|x=x′. (6.14)
As a result we developed technique for calculating background dependent propagators
and one-loop effective action. Application of this technique will be further considered
on examples of several theories. There is an essential modification of this method for
supergauge theories [26].
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7 Problem of superfield effective potential
Effective potential in standard quantum field theory is defined as the effective Lagrangian
considered at constant values of scalar fields, and other fields are put to zero. The effective
potential is used for studying of spontaneous symmetry breaking and vacuum stability
[27].
First, let us shortly describe effective potential in common quantum field theory. The






mφ+ . . .), (7.1)





therefore effective potential is a low-energy leading term. It can be represented in the
form of loop expansion










φ2φ+ V (φ)). (7.3)
After background-quantum splitting φ→ Φ + χ where Φ is background superfield and χ













Tr log(2 + V
′′
(Φ)). (7.5)










where external lines are V
′′
[Φ]. Internal lines correspond to 1
2
δ4(θ1 − θ2).

































where C is some constant. The same result can be obtained via proper-time method (see
calculation f.e. in [10]).
Now we turn to superfield case. Let Γ[Φ, Φ¯] be the renormalized effective action for a
theory of chiral and antichiral superfields. We can represent it as
Γ[Φ¯,Φ] =
∫
d8zLeff (Φ, DAΦ, DADBΦ; Φ¯, DAΦ¯, DADBΦ¯) +
+ (
∫
d6zL(c)eff (Φ) + h.c.) + . . . (7.8)
Here DAΦ, DADBΦ, . . . are possible supercovariant derivatives of superfields Φ, Φ¯. The
term Leff is called general effective Lagrangian, and L(c)eff is called chiral effective La-
grangian. Both these effective Lagrangians can be expanded into power series in superco-
variant derivatives of background superfields. Dots denote terms depending on space-time
derivatives of Φ, Φ¯. We note that since chiral effective Lagrangian by definition depends









d8z can be rewritten as
∫
d8zΦnΦ¯(D¯2Φ¯)m−1,
i.e. in the form corresponding to general effective Lagrangian. Therefore here and fur-
ther we consider all formally chiral expressions but involving (D¯2Φ¯)m as contributions to
general effective Lagrangian.









Further, in component approach we must put scalar component fields to constants, and
spinor ones – to zero, f.e. in Wess-Zumino model we write
A = const, F = const, ψα = 0.
However, this condition is not supersymmetric, therefore we use condition of superfield
constant in space-time:
∂aΦ = 0. (7.10)
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Since ∂a commutes with all generators of supersymmetry, this condition is supersymmet-
ric.










The minus sign is put by convention. We can introduce general effective potential
Leff |∂aΦ=∂aΦ¯=0 and chiral effective potential L(c)eff |∂aΦ=0. It is easy to see that the gen-
eral effective potential can be expressed as
Leff = K(Φ, Φ¯) + F(DαΦ, D¯α˙Φ¯, D2Φ, D¯2Φ¯; Φ, Φ¯) (7.12)
with F|DαΦ,D¯α˙Φ¯,D2Φ,D¯2Φ¯=0 = 0. The K is called ka¨hlerian effective potential, and F is
called auxiliary fields’ effective potential, it is at least of third order in auxiliary fields of
Φ and Φ¯. These objects can be represented in the form of loop expansion:








(the term corresponding to L = 0 in the expression for F is absent for theories which do
not include derivative depending terms in the classical action, such as the Wess-Zumino
model), and




Here KL, FL,L(c)L are quantum corrections. For Wess-Zumino model L(c)1 = 0, however,
in some quantum theories (f.e. in N = 1 super-Yang-Mills theory with chiral matter)
one-loop contribution to chiral effective potential exists [20].
The expansion of the effective potential by the rules (7.11–7.15) can be applied for all
superfield theories including noncommutative ones. However, we note that effective poten-
tial in theories including gauge superfields must depend on them in a special way. Really,
effective action in such theories should be expressed in terms of some gauge convariant
constructions, f.e. in background field method gauge superfield is either incorporated to
chiral superfields or presents in supercovariant derivatives and gauge invariant superfield
strengths [28, 10].
Let us give a few remarks about the method of calculating effective potential. The best
way for it is, of course, using of background dependent propagators which are expressed in
terms of common propagators and background superfields. Background dependent propa-
gators can be in certain cases exactly found. To calculate ka¨hlerian effective potential and
auxiliary fields’ effective potential one can straightforwardly omit all space-time deriva-
tives, moreover, to study ka¨hlerian effective potential one can omit ALL supercovariant
derivatives and treate background superfields as constants until final integration. The
calculation of chiral effective potential, however, is characterized by some difficulties. We
will study an approach to it on example of Wess-Zumino model.
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8 Wess-Zumino model and problem of chiral effective
potential
Now we turn to consideration of superfield effective potential in Wess-Zumino model.
Here we follow the papers [21, 22, 25] and book [10].
The superfield action of Wess-Zumino model is given by (2.9). Following loop expan-




Φ¯ → Φ¯ +
√
h¯φ¯. (8.1)



































































We can see that this matrix superpropagator can be represented in the form
G(z1, z2) =
(
G++(z1, z2) G+−(z1, z2)
G−+(z1, z2) G−−(z1, z2)
)
. (8.5)
where + denotes chirality with respect to corresponding argument, and − correspondingly
– antichirality.














































































































8(z1 − z2). (8.8)
Straightforward checking shows that components G++, G+−, G−+, G−− given by (8.6) sat-
isfy this equation. Thus, we found matrix superpropagator (8.6) which will be used for
calculation of loop corrections.
Let us consider the one-loop effective action. Formally it has the form
Γ(1) = − i
2
Tr logG
where matrix superpropagator G is given by (8.6). However, straightforward calculation
of this trace is very complicated since the elements of this matrix are defined in different





















To take this integral we introduce a trick [25] which is used in many theories describing
dynamics of chiral superfields.






The action is invariant under gauge transformations δv = Λ − Λ¯ (here Λ is chiral, and
Λ¯ is antichiral). According to Faddeev-Popov approach, the effective action W for this








Here δ(χ) is a functional delta function, and χ is a gauge-fixing function. We choose χ in












Note that since supercovariant derivatives are not real we must impose two conditions,






















is a Faddeev-Popov matrix. We note that W is constant by construction. We multiply






























D¯2v − φ)det∆. (8.13)




























Here as usual ψ = m+ λΦ, ψ¯ = m+ λΦ¯. This one-loop effective action can be expressed





























ψ¯D2))eis2δ8(z1 − z2). (8.17)









It turns out to be that if we calculate ka¨hlerian effective potential and all supercovari-
ant derivatives from background superfields ψ, ψ¯ are omitted this equation can be easily
31



































C˙ = −ψ¯ − ψ¯A2. (8.19)







. Since U˜ |s=0 = 1, and all terms in expansion of U˜ (6.9) are evidently
linearly independent, natural initial conditions are
A = A˜ = Bα = B˜α˙ = C = C˜|s=0 = 0. (8.20)
We find that the system of equations for Bα and B˜α˙ is closed (it is separated from whole
system (8.19)) and homogeneous. Initial conditions above make its only solution to be
zero, Bα, B˜α˙ = 0. The remaining from (8.19) system for A and C (and analogous one
for A˜ and C˜) can be easily solved like standard system of common first-order differential




(A10 exp(iωs)− A20 exp(−iωs))








ψψ¯2. Imposing initial conditions (8.20) allows to fix coefficients A10, A
2
0. As













Since A is symmetric with respect to change ψ → ψ¯ we find that A = A˜. We note that
only A and A˜ contribute to trace in (8.17). Therefore one-loop ka¨hlerian contribution to














ψψ¯2)− 1]U0(x, x′; s)|x=x′. (8.23)
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Here U0(x, x
′; s) is given by (6.3). This function satisfies the equation (see section 6):
2
nU0(x, x







































































Here we cut integral at lower limit by introducing L2 for regularization. We make the
change s˜ψψ¯ = t. As a result, the one-loop ka¨hlerian contribution to effective action takes
the form





































At L2 → 0 this integral tends to








where ξ is some constant which can be absorbed into redefinition of µ. We can add the
counterterm 1
32π2
ψψ¯ log(µ2L2) to cancel the divergence. Such a counterterm corresponds
to renormalization of kinetic term by the rule




And the renormalized ka¨hlerian effective potential is







Another way for calculating of ka¨hlerian effective potential consists in summarizing of















































− ψψ¯ log ψψ¯
eµ2
] (8.32)
where e = exp(1). Subtraction of divergence and redefinition of µ leads to result (8.29).
Now we turn to calculation of chiral effective potential. It is not equal to zero for
massless theories. Really, as it was noted by West [16] the mechanism of arising chiral
corrections is the following one. If the theory describes dynamics of chiral and antichiral






can be rewritten as ∫
d6zf(Φ)g(Φ). (8.34)






) and D¯2D2Φ = 162Φ (last identity is true
for any chiral superfield Φ), and f(Φ), g(Φ) are arbitrary functions of chiral superfield Φ.
However, presence of factor 2−1 is characteristic for massless theories, in massive theories
where we have (2 −m2)−1 instead of 2−1, and this mechanism of arising contributions
to chiral effective potential is not valid. In the case of massless theory we can find matrix
superpropagator exactly: first,
Gψv (z1, z2) = (2 +
1
4








δ8(z1 − z2) (8.35)
(higher terms in this expansion are equal to zero because they are proportional to D¯2ψ = 0
or D¯4 = 0). Therefore components of matrix superpropagator look like















δ8(z1 − z2)]. (8.36)
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Here ∗ denotes complex conjugation. We note that background chiral superfield ψ is not
constant, otherwise when we arrive at expression proportional to D2ψ we get singularity 0
0

















External lines are chiral. We use representation in which Φ(z) = Φ(x, θ), and D¯α˙ = − ∂∂θ¯α˙ .
Remind that in this case ψ = λΦ.
















× Φ(p1 + p2, θ5) 1
k2l2(k + p1)
2(l + p2)
































2(l + k)2(l + k + p1 + p2)
2 . (8.38)






D¯2) and took into account that
D¯2D2Φ(p, θ) = −16p2Φ(p, θ). Note that if Φ = const we get D¯2D2Φ = 0, hence we cannot
consider Φ as constant.
As we know the effective potential is the effective lagrangian for superfields slowly
varying in space-time. Let us study behaviour of the expression (8.38) in this case. The










Φ(−p1, θ)Φ(−p2, θ)Φ(p1 + p2, θ)S(p1, p2). (8.39)







2(l + k)2(l + k + p1 + p2)
2 .
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× Φ(x3, θ) exp[i(−p1x1 − p2x2 + (p1 + p2)x3)]S(p1, p2). (8.40)
Since superfields in the case under consideration are slowly varying in space-time we can















× exp[i(−p1x1 − p2x2 + (p1 + p2)x3)]S(p1, p2). (8.41)
Integration over d4x2d









3(x1, θ)S(p1, p2)|p1,p2=0. (8.42)
Therefore final result for two-loop correction to chiral (frequently called holomorphic)


















We see that the correction (8.43) is finite and does not require renormalization.
Chiral contributions to effective action arise also in other theories describing dynamics
of chiral superfields. F.e. in general chiral superfield theory the leading chiral contribution
is also chiral effective potential (see next section), in dilaton supergravity leading chiral
contribution is of second order in space-time derivatives of chiral superfield (see section
10), and these corrections are finite. The situation in N = 1 super-Yang-Mills theory,
however, possesses some peculiarities. Really, in this model both finite (Fig. 7a) and





















Finite contributions (there are more than 10 supergraphs of the form similar to Fig.
7a [30]) all give contributions to effective potential proportional to ζ(3)
(4π)4
Φ3 (cf. (8.43)),
i.e. finite chiral contributions are analogous to the case of Wess-Zumino model. As for













k2(k + p1)2(k + p2)2
×
× 1
l2(l + p1 + p2)2
Φ(−p1, θ)Φ(−p2, θ)Φ(p1 + p2, θ). (8.44)
To obtain the low-energy leading contribution we must consider the limit at p1, p2 → 0.





















where C0 is a some constant. The integral over l is divergent, and after dimensional
















After cancellation of divergence with help of the appropriate one-loop counterterm and
transforming to coordinate representation we see that expression (8.44) for slowly varying







Thus, the leading chiral correction in N = 1 super-Yang-Mills theory with chiral matter
is nonlocal one (detailed discussion is given in [30]). We note that nonlocal chiral correc-
tions in this theory arise also in the pure gauge sector [31]. Hence presence of quantum
contributions to chiral effective Lagrangian is quite characteristic for theories including
chiral superfields.
9 General chiral superfield model
From viewpoint of superstring theory low-energy models of elementary particles are effec-
tive theories in which integration over massive string modes is carried out, 10-dimensional
background manifold has the formM4×K whereM4 is four-dimensional Minkovski space,
and K is some six-dimensional compact manifold. Then reduction to M4 is carried out.
As a result we arrive at theory in M4 with action [1]
S[Φ, Φ¯] =
∫
d8zK(Φi, Φ¯i) + (
∫
d6zW (Φi) + h.c.). (9.1)
We can use matrix denotions via introduction of column vector ~Φ = {Φi}, after which the
consideration in the case of several chiral superfield is analogous to the case of one chiral
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superfield (some extensions of this model involving the gauge superfields are given in
[32]). We can consider this theory for arbitrary functions K and W . Note that there is no
higher derivatives in the classical action. Therefore the theory with the action (9.1) is the
most general theory without higher derivatives describing dynamics of chiral superfield.
There are a lot of phenomenological applications of this model in string theory (see [32]
and references therein). In general case this theory is nonrenormalizable; however, it is
an effective theory aimed for studying of the low-energy domain. Therefore all integrals
over momenta are effectively cut by condition p ≪ MString where p is momentum, and
MString = 10
17GeV ∼ 10−2MP l is a characteristic string mass.
The effective action in the theory, as well as that one in the Wess-Zumino model, can
be presented as a series in supercovariant derivatives DA = (∂a, Dα, D¯α˙) in the form
Γ[Φ¯,Φ] =
∫
d8zLeff (Φ, DAΦ, DADBΦ; Φ¯, DAΦ¯, DADBΦ¯) +
+ (
∫
d6zL(c)eff (Φ) + h.c.) + . . . . (9.2)
Here again, like in the Wess-Zumino model, Leff is called general effective lagrangian, L(c)eff
is called chiral effective lagrangian. Both these lagrangians are the series in supercovariant
derivatives of superfields and can be written in the form of loop expansion











eff (Φ) + . . . . (9.3)
Here dots mean terms depending on covariant derivatives of superfields Φ, Φ¯. As earlier,
the Keff(Φ¯,Φ) is called kahlerian effective potential, Weff (Φ) is called chiral (or holo-
morphic) effective potential, K
(n)
eff is a n-th correction to kahlerian potential and W
(n)
eff is
a n-th correcton to chiral (holomorphic) potential W .
The one-loop contribution to the effective action is totally determined by the quadratic



























φ2 + h.c.] (9.4)













The corresponding matrix superpropagator has the form
G(z1, z2) =
(
G++(z1, z2) G+−(z1, z2)
G−+(z1, z2) G−−(z1, z2)
)
(9.5)
where + denotes chirality with respect to corresponding argument, and − correspondingly
– antichirality. This propagator satisfies the equation








( G++(z1, z2) G+−(z1, z2)










To consider ka¨hlerian effective potential we must omit all derivatives of superfields Φ, Φ¯,













G++(z1, z2) G+−(z1, z2)




























Now we turn to studying of quantum contributions to ka¨hlerian effective potential de-
pending only on superfields Φ, Φ¯ but not on their derivatives.










Double external lines correspond to alternatingW ′′ and W¯ ′′. Internal lines are< φφ¯ >-
propagators of the form










W ′′ W¯ ′′
The total contribution of all these diagrams after D-algebra transformations, summa-



















This form is more convenient for analysis of many-field model than that one given in
[12, 33], and tr denotes trace of product of the given matrices. It is easy to show that
the present result corresponds to the known expression for the Wess-Zumino model where
W ′′ = 1
2
λΦ.
Let us consider the chiral (holomorphic) effective potential Weff(Φ). The mechanism
of its arising is just the same than in Wess-Zumino model. We note again that the chiral
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contributions to effective action can be generated by supergraphs containing massless
propagators only. To find chiral corrections to effective action we put Φ¯ = 0 in eq. (9.4).
Therefore here and further all derivatives of K, W and W¯ will be taken at






















φ2 + . . . . (9.10)
The dots here denote the terms of third, fourth and higher orders in quantum superfields.
We call the theory massless if W
′′ |Φ=0 = 0. Further we consider only massless theory.
To calculate the corrections to W (Φ) we use supergraph technique (see f.e. [10]). For
this purpose one splits the action (9.10) into sum of free part and vertices of interaction.
As a free part we take the action S0 =
∫
d8zφφ¯. The corresponding superpropagator is






δ8(z1 − z2). And the term S[φ¯, φ,Φ] − S0 will be treated as vertices
where S[φ¯, φ,Φ] is given by eq. (9.10). Our purpose is to find the first leading contribution
to Weff(Φ). As we will show, chiral loop contributions begin with two loops. Therefore
we keep in eq. (9.10) only the terms of second, third and fourth orders in quantum fields.
Non-trivial corrections to chiral potential can arise only if 2L + 1 − nW ′′ − nVc = 0
where L is a number of loops, nW ′′ is a number of vertices proportional to W
′′
, nVc is that
one of vertices of third and higher orders in quantum superfields, otherwise corresponding
contribution will either vanish or lead to singularity in the infrared linit. In one-loop
approximation this equation leads to nW ′′ + nVc = 3. However, all supergraphs satisfying
this condition have zero contribution. Therefore first correction to chiral effective potential
is two-loop one. In two-loop approximation this equation has the form nW ′′ + nVc = 5.
Since the number of purely chiral (antichiral) vertices independent of W
′′
in two-loop
supergraphs can be equal to 0, 1 or 2, the number of external vertices W
′′
takes values
from 3 to 5.
We note that non-trivial contribution to chiral (holomorphic) effective potential from
any diagram can arise only if the number of D2-factors is more by one than the number of
D¯2-factors (see details in [34]). The only Green function in the theory is the propagator
< φφ¯ >. Therefore total number of quantum chiral superfields φ corresponding to all
vertices must be equal to that one of antichiral ones φ¯. As a result we find that the only
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Here internal lines are propagators < φφ¯ > depending on background chiral superfields
which have the form




We note that the superfield KΦΦ¯ is not constant here. Double external lines are W
′′.
After D-algebra transformations and loop integrations we find that two-loop contri-














(Φ¯)|Φ¯=0 and KΦΦ¯(z) = ∂
2K(Φ¯,Φ)
∂Φ∂Φ¯
|Φ¯=0 here. We see that the
correction (9.12) is finite and does not require renormalization in any case despite the
theory is non-renormalizable in general case.
We note that the calculation of two-loop ka¨hlerian effective potential can be carried
out with help of matrix superpropagator (9.8). The results are given in [12, 33].
Now let us consider some phenomenological applications of the theory characterized by
the action (9.1). Let us suppose that the column vector ~Φ describes two superfield: light





. We calculate for this case one-loop effective action
and eliminate heavy superfields with use of effective equations of motion. As a result we
arrive at the effective action of light superfields. There is a decoupling theorem [18, 35]
according to which this effective action after redefining of parameters (fields, masses,
coupling) can be expressed in the form of a sum of effective action of the theory obtained
from initial one by putting heavy fields to zero and terms proportional to different powers
of 1
M
where M is mass of heavy superfield (which in the case under consideration is put,
by fenomenological reasons, to be equal to MString [32, 33]).
We study such a theory in one-loop approximation. The low-energy leading one-




W ′′ = ∂
2W
∂Φi∂Φj
can be diagonalized simultaneously, and the trace is a sum of proper values.
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We consider, as an example, the minimal theory [36] with










After calculations described in [36] and analogous ones to those of Wess-Zumino model
we get










R1,2 = |λΦ+ gφ|2 + 2λ2|φ|2 +M2 ±
±
√
(|λΦ+ gφ|2 −M2)2 + 4|λ2Φφ¯+ λMφ + λg|φ|2|2. (9.15)
The low-energy effective action is given by
Γ(1) =
∫











φ3) + h.c.]. (9.16)









φ2 = 0. (9.17)
We can solve this equation by iterative method, i.e. we suppose that
Φ = Φ0 + Φ1 + . . .+ Φn + . . . , (9.18)
with Φk is k-th approximation. Since massM is very large we suppose that |D2Φ| ≪MΦ.
Zero approximation is obtained from condition MΦ0 +
λ
2
φ2 = 0, i.e. Φ0 = −λφ22M . And
k-th approximation is proportional to M−k. Substituting the expansion of Φ (9.18) into

























This solution can be substituted into the low-energy effective action (9.16). The effective
action of light superfields is defined as
Seff [φ, φ¯] = Γ
(1)[φ, φ¯; Φ(φ, φ¯), Φ¯(φ, φ¯)] (9.21)
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where Φ(φ, φ¯) and the same notation for Φ¯ mean that heavy superfields are expressed
in terms of light ones via effective equations of motion. In the case under consideration,













eff are of zeroth and first orders in M








[4λ2|φ|2(1 + log 2M
2
µ2



















− 2λ2g(φ+ φ¯)|φ|2 log g
2|φ|2
M2





















We see that this effective action contains term of the form
− h¯
32π2



























This expression contains the term 2g2|φ|2 log 2g2|φ|2
eM2
which also increases as M grows.
Therefore we see that modifications of light superfield effective action caused by presence
of heavy superfields are significant [36].
10 Dilaton supergravity as an example of superfield
theory with higher derivatives
The starting point of our consideration is the supertrace anomaly of matter superfield in
curved superspace. The action generating this anomaly is obtained in [37]. In conformally















Here we have used the ”flat” supercovariant derivatives Dα, D¯α˙, ∂αα˙; and σ = lnΦ,
σ¯ = ln Φ¯.








d6zΦ3 + h.c.], (10.2)
where m2 = 6
κ2
, Λ is the cosmological constant and κ is the gravitational constant. We will
investigate the theory action of which is a sum of the actions (10.1) and (10.2) Denoting
Q2
2
= 8c, ξ1 =
1
32(4π)2
(32c− b), ξ2 = − 1
64(4π)2
(32c− b),






σ¯2σ + D¯α˙σ¯Dασ ×





d6ze3σ + h.c.). (10.3)
The Q2, ξ1, ξ2, m
2,Λ will be considered as the arbitrary and independent parameters of the
model. We will call the model with action (10.3) the four-dimensional dilaton supergravity
model.
In order to calculate the counterterms and to find the divergences we should study the
structure of supergraphs of the theory. The strucure of supergraphs is defined by a form
of propagators and vertices.

































where δ+ = −14D¯2δ8(z1 − z2), δ− = −14D2δ8(z1 − z2). The solution of this equation is


























, where φ is a chiral superfield and φ¯ is an antichiral
superfield.
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k2 −m2)2 + 81ΛΛ¯








(eσ+σ¯ − 1− (σ + σ¯)− 1
2
















) arise in V4 since the all vertices correspond to the action
written as the integrals over whole superspace.
The eqs. (10.7–10.8) are the basis of supergraph technique allowing to develop a
perturbative treatment for the model (10.3).
Let us consider the superficial degree of divergence (SDD) from this model. Since
space-time derivatives give contribution to SDD equal to 1, and spinor ones – to 1/2 we
see that any V1, V2-type vertex contributes to SDD with 2, and all such vertices – with
V1,2 (here V1,2 is a number of such vertices). Any loop as usual contributes with 2 (4,
because any loop includes integration over d4k, and −2, since contraction of any loop into
a point requires four D-factors and reduces possible contribution to SDD by 2), hence all
loops – with 2L. Contribution of all propagators G++, G−− is equal to −5P1 where P1 is
a number of such propagators, and contribution of all propagators G+−, G−+ – to −2P2.
The V3-vertices do not contribute at all, and V4-type totalize a contribution of −V4 [13].
We note also that any D-factor acting to the external line instead of the internal one
decreases the SDD by 1
2
, and any space-time derivative acting on the external line – by
1. Therefore total SDD is equal to
ω = 2L+ 2V1,2 − 5P1 − 2P2 − V4 − 1
2
ND −N∂.
Since V1,2 + V3 + V4 = V and L+ V − P = 1 we get




This equation allows one to make some conclusions. First of all, divergent diagrams cannot
contain V4-vertices (hence all chiral contributions to effective action are finite). Second,
divergent diagrams cannot contain < σσ >,< σ¯σ¯ >-propagators and can contain no more
than one vertex proportional to m2. Then, formally they can contain arbitrary number
of V1,2-vertices, hence there is an infinite number of divergent structures (f.e. divergent
corrections of the form ξ1ξ
n+1
2 σ
nσ¯nD¯α˙σ¯Dασ∂αα˙(σ + σ¯) can arise for any n). Hence the
theory is non-renormalizable (in the one-loop order some of derivatives asociated to the
V1, V2-vertices are enforced to act to the external lines which decreases the degree of
divergence, in part, the graphs depicted at Figs. 9, 10 are only logarithmically divergent,
but it is not valid for the higher loop orders). However, if we put ξ1 = ξ2 = 0 the theory
is super-renormalizable.












































































(1) are one-loop divergent corrections to vertices V1 and V2 correspond-
ingly, p1, p2 and p3 are external momenta, p = p1+p2. µ is a standard arbitrary parameter
of mass dimension introduced in dimensional regularization and ǫ = 4− d. After calcula-












+ fin) ≡ (10.11)
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≡ S(1)2div + S(1)2fin .
In order to renormalize the theory we introduce the one-loop counterterms







where Q2(0), ξ1(0), ξ2(0) are the bare parameters and Q
2, ξ1, ξ2 are the renormalized ones. As
a result one obtains





We see that in one-loop approximation there is the same independent renormalization




1 , where c is a
constant, then the renormalized parameters ξ1 and ξ2 will satisfy the same relation ξ2 =
cξ1. One-loop renormalization does not destroy the relationship between the parameters
in lower order.
Next step is a calculation of ZQ. Let us consider the supergraph given on Fig.11 (note













































After introducing the one-loop counterterm −S(1)Q div one will obtain using (10.12)







So we have studied renormalization of ξ1, ξ2 and Q
2. As for the Λ, it was already
noted that all diagrams containing vertex of type V4 are finite, it means that the coupling
Λ is not renormalized.
Now it remains to investigate renormalization of m2. It follows from (10.9), that
divergent diagrams can contain no more than one vertex of V3-type corresponding to
coupling constant m2. All other possible vertices should be of V1- or V2-types.
We will study the divergent corrections to m2 in the case when ξ1= ξ2 = 0. It means
that the vertices V1 and V2 are absent at all. It will be proved further that this case
corresponds to infrared limit of the theory. It means that only V3-type vertex can be
presented in the diagrams giving contribution to divergent correction to m2. All these
diagrams contain only one vertex V3-type, one internal line G+−-type and an arbitrary









Let us consider such a diagram with a given number N of external lines, l from those







l!(N − l)! G+−(z, z). (10.17)










































δ12|θ1=θ2 = 1 (note that here the tadpole graph










k2(−A2k2 +m2)2 − 81ΛΛ¯ . (10.20)
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We note that despite these diagrams are tadpole-type, their contribution is not equal to
zero unlike Wess-Zumino model.











Here m20 is a bare mass and m
2 is a renormalized one.
Next step is consideration of beta functions. As usual, beta function for any renor-





where the renormalized parameter is expressed in term of the bare one g0 which does not
depend on µ, dg0
dµ
= 0.










































































Let us investigate the behaviour of running couplings ξ1(t), ξ2(t) and Q
2(t) in infrared
domain when t→ −∞. It is easy to see that in this case ξ2(t)→ 0 and hence ξ1(t)→ 0.
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2 = 0 is an infrared fixed point. For Q
2(t) we obtain Q2(t) →
Q2 − 8π2 ξ21
ξ2
. If we take quantities of initial ξ1 and ξ2 so that they correspond to infrared
fixed point ξ1 = ξ2 = 0 one gets Q
2(t) → Q2. In particular, only the diagrams given on
Fig.4 can contribute to mass renormalization in infrared limit.
To investigate a behaviour of running mass we should use a notion of scaling dimension
of superfields. We note that the action of the theory (10.3) at ξ1 = ξ2 = 0 is invariant
under the transformations
δσ = (xa∂a +
1
2
θαDα)σ + 1; (10.25)





Let V be is some function depending on superfields σ, σ¯ and their derivatives ∂aσ,
∂aσ¯, Dασ, D¯α˙σ¯,. . . . We call that V has the scaling dimension ∆ if the transformation
law of V under transformations (10.25) looks like this








It is easy to see that the superfields σ, σ¯ have no definite scaling dimension, the
derivatives ∂aσ, ∂aσ¯ have scaling dimension equal to 1, the spinor derivatives Dασ,D¯α˙σ¯
have no definite scaling dimensions. However, the functions eσ, eσ¯ have definite scaling
dimensions ∆=1.
Let us fulfil the transformations σ → ασ, σ¯ → ασ¯ and S → 1
α2
S in the action (10.3)















We consider the calculation of the renormalization constant Zm in the theory (10.27).
The only modification in comparison with eq. (10.21) is that we should use the propa-
gator α2G+− in supergraph given by Fig.4. The parameter α is resulted here because of
expansion of eα(σ+σ¯). It leads immediately to
Zm2 = 1 +
2α2
Q2ǫ








where ∆m2 is a scaling dimension of m
2(t).
To find ∆m2 we consider the term
m2
2α2
eα(σ+σ¯) in the action (10.27). The scaling dimen-
sion of this term is −2, α is dimensionless and scaling dimension of eα(σ+σ¯) is 2α. Hence
∆m2 = 2− 2α. Therefore the equation (10.27) looks like this
dm2(t)
dt






where we took into account that Q2(t) = Q2 in infrared limit. A solution of this equation
can be written in the form




It is evident that at 2 − 2α + 2α2
Q2
> 0 we get m2(t) → 0 in infrared limit (note that
this condition is satisfied at α = 1, i.e. when there is no rescaling). It corresponds to
κ2(t)→∞ where κ2(t) is the running gravitational constant.
As for coupling constant Λ, its beta-function is equal to zero since the vertex of V4-type
is always finite (see above) and the fields σ, σ¯ are not renormalized in this approach.









d6ze3σ + h.c.). (10.30)
Our aim consists of calculation of low-energy leading contributions to one-loop effective
action. As usual, the first step is background-quantum splitting
σ → σ + χ, σ¯ → σ¯ + χ¯. (10.31)
Here σ, σ¯ are background superfields, and χ, χ¯ are quantum ones. It is known that to find
one-loop contribution to effective action it is enough to consider the quadratic action of
quantum superfields which has the form












The one-loop effective action Γ(1)[σ, σ¯] can be read off from expression
exp(iΓ1[σ, σ¯]) =
∫
DχDχ¯ exp(iS(2)q [σ, σ¯;χ, χ¯]). (10.32)
We suggest that the effective action, as usual, has the structure described by (9.2,9.3).
The one-loop effective action in this theory can be expressed in the form of effective
action of some real scalar superfield just as we done in Wess-Zumino model: we consider

















D¯2v − χ)∆, (10.34)
where ∆ is Faddeev-Popov determinant which is a constant as in Wess-Zumino model. We
note that Wv is also a constant. After multiplying of left-hand side and right-hand side
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of equations (10.32) and (10.34) respectively and integration over χ, χ¯ we get one-loop
contribution to effective action Γ¯(1) in the form













In Schwinger representation the one-loop contribution to effective action looks like






















→ Λ we can express this effective action as















Really, commutators of 22 with background superfields can lead only to terms depending
on space-time derivatives of background superfields which lead only to higher orders in
∂aσ. We can calculate exponent of ∆˜ = −9Λe3σ D¯24 − 9Λe3σ¯ D
2
4
by the same way as in
Wess-Zumino model. The necessary expressions are
eis2
2




















The expression (10.37) can be exactly found in two special cases:
(i) ka¨hlerian effective potential, in this case all derivatives of σ, σ¯ are equal to zero.
The expression (10.37) is analogous to the expression (8.16) after redefinitions 9Λe3σ →
ψ, 9Λe3σ¯ → ψ¯. As a result we can easily restore expression for Schwinger coefficients
A(s), A˜(s) (6.9):






The one-loop ka¨hlerian effective potential is given by




[A(s) + A˜(s)]U(x, x′; s)|x=x′, (10.41)
where U(x, x′; s) = eis2
2
δ4(x− x′). We can write
















We can separate sum over n into sum over odd n and sum over even n. We use expressions
















δ4(x1 − x2). (10.44)
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where c is a constant given in [38].









up to the second (leading) order is spinor derivatives of σ. We note that as a result










[A1(σ|2)DασDασ + A2(σ|2)D2σ + A3(σ|2)]×
× U0(x, x′; s)|x=x′. (10.47)
After transforming of this expression to the form of integral over d6z it is at least of
second order in space-time derivatives of σ. Hence we can put all coefficients A1, A2, A3
to depend only on σ but not on its derivatives. It means that at the step of calculating
U˜(σ|s) we can put all space-time derivatives of σ, σ¯ to zero. After calculation of U˜(σ|s)
(10.46) we get the coefficients of Schwinger expansion A(s), A˜(s) (note again that only















[iWs cosh(iWs)− 3 sinh(iWs) + 2iWs]DαφDαφ. (10.49)





, W = 16he3/2σ
√
2. This expression for A and A˜ can be
substituted into (10.47). After expansion of A and A˜ into power series, transformation
of the contribution to the form of integral over d6z and integration over s (see details in
[38]), one-loop leading chiral contribution to effective action takes the form
L(1)c = Λ1/3
[
{(c1 + 3c3)e−σ + c2e2σ + 3c4e−4σ}∂mσ∂mσ + (c3e−σ + c4e−4σ)2σ
]
. (10.50)
Here c1, c2, c3, c4 are finite constants given in [38]. We find that the leaing chiral contri-
bution to effective action is of second order in space-time derivatives of chiral superfield
σ, therefore one-loop chiral effective potential is absent.
Then, if we sum classical action (10.3) and leading quantum corrections
(10.45,10.50) we get one-loop corrected effective action. If we put in it all derivatives of








d6ze3σ + h.c.). (10.51)
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We remind that σ = logΦ, σ¯ = log Φ¯ where Φ, Φ¯ are chiral and antichiral supergravity
prepotentials (so called chiral compensators). Expression of this effective action in terms








d6zΦ3 + h.c.). (10.52)
This action has the structure similar to the classical action of Wess-Zumino model. Hence
we see that Wess-Zumino model is generated at infrared limit of four-dimensional dilaton
supergravity.
11 Supergauge theories
This section is a brief review of results on supergauge theories. Unfortunately, restricted
volume of this section does not allow to discuss all essential results of last years in this
sphere hence we only give here main ones.









D¯2(e−2gVDαe2gV );V (z) = V I(z)T I . (11.2)
The V (z) = V I(z)T I is a real scalar Lie-algebra-valued superfield. We can expand the





d8ztr(V DαD¯2DαV + . . .). (11.3)
Here dots denote higher orders in g. The action (11.1) is invariant under gauge transfor-
mations
e2gV → e−2igΛ¯e2gV e2igΛ. (11.4)
where D¯α˙Λ = 0. The equivalent form of this transformation [10] is
δ(gV ) = LgV (2igΛ− 2igΛ¯ + cothgV (2igΛ+ 2igΛ¯)). (11.5)
Here LgVA = [gV, A] is a Lie derivative. It is easy to see that strengths Wα, W¯α˙ are
invariant under such transformations. The leading order in (11.5) is
δ(gV ) = 2ig(Λ− Λ¯). (11.6)
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Since the theory is gauge invariant we must introduce gauge-fixing functions for quanti-
zation. The most natural form of them is (cf. section 8 where these gauge-fixing functions
were used for calculation of one-loop effective action in Wess-Zumino model)
χ(V ) = −1
4
D¯2V + f(z) (11.7)
χ¯(V ) = −1
4
D2V + f¯(z).




















According to Faddeev-Popov approach we can introduce the ghost action
SGH = c
′δχ|gΛ=c,gΛ¯=c¯ (11.9)






c′ is a line (c′c¯′) and since Λ is chiral c, c′ are also chiral ones. Here c, c′ are chiral ghosts














δV = LgV (c− c¯ + cothgV (c+ c¯)). (11.11)
Therefore the action of ghosts looks like
SGH =
∫
d8ztr(c′ + c¯′)LgV (c− c¯+ cothgV (c+ c¯)). (11.12)








D2V − f¯). (11.13)





d8z(f f¯ + bb¯)), (11.14)
where ξ is a some number (gauge parameter). The b, b¯ are Nielsen-Kallosh ghosts (in
this case their contribution to effective action is a constant, but in background-covariant










d8ztr(D¯2V )(D2V ) (11.16)
is a gauge-fixing action [10].
We introduce the total action
Stotal = SSYM + SGF + SGH (11.17)







d6ztr(η′c′ + ηc) +
+
∫
d6z¯(η¯′c¯′ + η¯c¯))). (11.18)
Here {η} is the set of all sources: η, η′, η¯, η¯′. To develop diagram technique we must split
action Stotal into free (quadratic) part and vertices. It is easy to see ([10, 39]) that
e−2gVDαe2gV = 2gDαV − 2g2[V,DαV ] + 4
3
[V, [V,DαV ]] + . . . . (11.19)












g2[V,DαV ]D¯2[V,DαV ]− 1
12
g2(D¯2DαV )[V, [V,DαV ]] + . . .
)
. (11.20)





c¯′c− c¯c′ + g(c′ + c¯′)[V, c− c¯] + g
2
3
(c′ + c¯′)[V, [V, c+ c¯]]
)
+ . . . . (11.21)
This expression is enough in one- and two-loop calculations.

















Vertices can be read off from (11.20,11.21). Propagators look like









δ8(z1 − z2) (11.23)




We note that ghosts are fermions hence any ghost loop corresponds to minus sign. Then,
D-factors are associated with vertices containing ghosts just by the same rule as with
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vertices containing any chiral superfields. We note that if we choose ξ = −1 (Feynman




δ8(z1 − z2). (11.24)
Note that its sign is opposite to the the sign of propagator of chiral superfield.
If we want to introduce interaction of a chiral superfield with the gauge one the






if chiral superfield Φi is transformed under some representation of the gauge group (i.e.




if chiral superfield Φ = ΦaT a is Lie-algebra-valued. Note that under gauge transformations
(11.4) the chiral superfield is transformed as
Φ→ e−2igΛΦ (11.27)
for isospinor chiral superfield and as
Φ→ e−2igΛΦe2igΛ (11.28)
for Lie-algebra-valued chiral superfield. Note that Λ, Λ¯ are Lie-algebra-valued in both
cases. The vertices can be easily obtained by expanding into power series expressions














and in second one –∫
d8z(tr(Φ¯e−gVΦegV )− Φ¯Φ) =
∫
d8ztr(Φ[V, Φ¯] + Φ¯[V,Φ] +
1
2
[Φ, [V, [V, Φ¯]] + . . .).(11.30)
The diagram technique derived now is very suitable for calculations in sector of back-
ground Φ, Φ¯ only and for calculation of divergences.
Let us consider an example. The N = 2 super-Yang-Mills theory with matter is
























Here Φ is Lie-algebra-valued chiral superfield, andQi, Q˜i are chiral superfields transformed
under mutually conjugated representations of Lie algebra. They are often called matter
hypermultiplets. Let us consider the structure of one-loop divergences in this theory. For
simplicity we choose Feynman gauge ξ = −1 in which the propagator has the most simple
structure (11.24), therefore all tadpole diagrams given in [39] evidently vanish.
First we consider contributions to wave function renormalization of Φ field
Here the thin line is propagator of Φ, the thick one – of hypermultiplets Q, Q˜, the
wavy one – of real superfield v, the dashed one – from ghosts.



















bT cT d) (11.33)
Here trM denotes trace in representation under which hypermultiplets are transformed.
Coefficient 2 is caused by presence of two chiral hypermultiplets Q and Q˜. We see that if∑
M trM(T
aT b) = trad(T
aT cT d)trad(T
bT cT d) there is no divergent contributions to wave
function renormalization.
Corrections to hypermultiplet wave function look like

















These corrections evidently cancel each other, hence there is no renormalization of hyper-
multiplet wave function. In both these cases cancellation is caused by the difference in
signs of propagators of gauge superfield and chiral superfields.
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One-loop contributions to wave function renormalization for gauge superfields are






































aT b) + 2trad(T
aT cT d)trad(T
bT cT d) = 4trad(T
aT b) (or, as is the same
with taking into account condition for < φφ¯ >-propagator, trad(T
aT cT d)trad(T
bT cT d) =
trad(T
aT b)) these contributions are cancelled and there is no divergent correction to
< V V >-propagator, and the theory is finite. This mechanism of vanishing divergences is
discussed, f.e. in [41], [42], where it is shown to be caused by the N = 2 superconformal
symmetry. The most important example of such theories is N = 4 super-Yang-Mills
theory where we have one pair of hypermultiplets Q, Q˜ and they are transformed under
the adjoint representation of Lie algebra. This theory is known to be finite (see f.e.
[39, 41]).
However, the approach developed until this place is very useful for consideration of
divergences and corrections in the sector of chiral superfields Φ, Q, Q˜ only. To study con-
tributions depending on gauge superfields we must develop a method allowing to preserve
manifest gauge invariance at any step as earlier we obtained contributions in terms of
superfield V which are in general case not gauge invariant. Therefore we must introduce
an approach in which external lines are background strengths Wα, W¯α˙ and their gauge
covariant derivatives. This method was developed in [28] (see also [44] and references
therein), here we give its description.
The problem of calculation of the effective action in the theory described by the action
(11.1) is much more complicated than in other field theories. The main difficulties are
the following ones. First, the nonpolynomiality of the action (11.1) implies in the infinite
number of vertices which seems to result in infinite number of types of the divergent quan-
tum corrections (such a situation is treated in common cases as the non-renormalizability
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of the theory), second, it is easy to see that the common background-quantum splitting
V → V0 + v where V0 is a background field and v is a quantum field cannot provide
manifest gauge covariance of the quantum corrections. Really, because of the nonpoly-
nomiality of W α (11.2), to get a covariant quantum correction (which by definition must
be expressed in terms of the strengths Wα, W¯α˙ which are the only objects transforming
covariantly under the gauge transformations unlike of the superfield V itself) we need to
summarize an infinite number of supergraphs with different numbers of external V0 legs.
The background field method provides an effective solution for both these problems.
The starting point of the method under discussion is a nonlinear background-quantum
splitting for the superfield V defining the action (11.1) [28]:
e2gV → e2gΩe2gve2gΩ¯. (11.37)
Here the v is a quantum field, the Ω, Ω¯ are the background superfields (they are not
necessary chiral/antichiral ones). After such a background-quantum splitting, the classical
action (11.1) takes the form:




In this expression (which describes a theory of real scalar superfield v coupled to back-
ground superfields Ω, Ω¯) the Dα, D¯α˙ are the background covariant derivatives defined by
the expressions [41, 28]:
Dα = e−2gΩDαe2gΩ,
D¯α˙ = e2gΩ¯D¯α˙e−2gΩ¯. (11.39)
Our further aim consists in study of the action (11.38). To do it let us first describe
the properties of the background covariant derivatives given by (11.39). The Dα, D¯α˙
in (11.39) act on all on the right. Then, as well as the covariant derivatives in usual
differential geometry, the background covariant derivatives Dα, D¯α˙ can be represented in
the following “standard” form
Dα = Dα − iΓα, D¯α˙ = D¯α˙ − iΓ¯α˙, (11.40)
where
Γα = ie−2gΩ(Dαe2gΩ), Γ¯α˙ = ie2gΩ¯(D¯α˙e−2gΩ¯) (11.41)
are the superfield connections.
Let us study the (anti)commutation relations for the Dα, D¯α˙. We start with imposing
the following constraint




which represent itself as a background covariant analog of the common anticommutation
relation ∂αα˙ = − i2{Dα, D¯α˙}. Then, it is easy to verify straightforwardly the following
definition of the background strength Wα (cf. [43]):





Really, after we substitute expressions (11.39) for the background-covariant derivatives to
(11.43) and take into account that e2gΩe2gΩ¯ = e2gV in the case of absence of the quantum
field v (cf. (11.37)) we get just the definition (11.2).
The relation (11.43) is crucial. Its treating consists of the fact that the background-
covariant space-time derivative Dαα˙ has non-zero commutators with spinor background-
covariant derivatives unlike of the common covariant derivatives, and, moreover, that
the background strengths could arise during the D-algebra transformations. In part, the
identity (11.43) implies in the following expressions [44]:
[Dα, D¯2] = 4i(−
√
2W α + D¯α˙Dαα˙) =
= 4i(
√
2W α +Dαα˙D¯α˙). (11.44)





{D2, D¯2} = 2− i
2
W αDα − i
2
W¯ α˙Dα˙. (11.45)






{D2, D¯2} = 2.
Basing on (11.43), we also can prove the following important relations:
D2D¯2D2 = 16(2− i
2
W¯ α˙D¯α˙ − i
4
(D¯α˙W¯α˙))D2 ≡ 162−D2;
D¯2D2D¯2 = 16(2− i
2
W αDα − i
4
(DαWα))D¯2 ≡ 162−D¯2. (11.46)
We also need in definition of the (background) covariantly chiral superfields to describe
coupling of the gauge superfields to the matter. By definition, the superfield Φ is referred
as the (background) covariantly chiral one if it satisfies the condition D¯α˙Φ = 0. It is easy
to see that the Φ is related to the common chiral field Φ0 as
Φ = egΩ¯Φ0. (11.47)
Really, condition of chirality D¯α˙Φ0 = 0 implies in
egΩ¯D¯α˙e
−gΩ¯egΩ¯Φ0 = 0. (11.48)
Using the definitions (11.39,11.47) we arrive just to the condition D¯α˙Φ = 0.
Now we are in position to develop the petrurbative approach for the theory with
action (11.38). First, we note that this theory possesses the symmetry with respect to
the following gauge transformations:
egv → eigΛ¯egve−igΛ (11.49)
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where Λ is a covariantly chiral parameter, i.e. it satisfies the condition D¯α˙Λ = 0 (sim-
ilarly, DαΛ¯ = 0). Therefore we need to introduce a gauge fixing. The most natural
background covariant gauge fixing term looks like




which is a covariant generalization of the common gauge fixing term in the Feynman
gauge. Summarizing the (11.38) and (11.50) and taking into account (11.45) we get the
following action of the quantum v field:
St = S + Sgf = −1
2
∫
d8zv2v + Sint. (11.51)
In principle, one can fix other gauges (by putting the factor ξ−1 in Sgf ), however, even
problem of finding the propagator for v field appears to be very complicated (up to this
time nobody found this propagator in a closed form). Hence the Feynman gauge is the
most convenient one. The propagator of the v field in the Feynman gauge is
< v(z1)v(z2) >= 2
−1δ8(z1 − z2) (11.52)
(for the sake of the uniqueness of the consideration we relate all terms involving Wα, W¯α˙
to the interaction part).
The Sint in the expression above is an interaction part. It involves both covariant
generalizations of the “common” vertices and the new vertices involving the background




















g2D¯2Dαv[v, [v,Dαv]] + 1
6
[[[Dαv, v], v], v]iWα
)
+ . . . .
Because of the gauge symmetry, one needs to introduce ghosts. Since the form of the
gauge transformations and gauge fixing action is very similar to the “common” super-
field case with only difference consisting in covariant chirality instead of common one,
the action of ghosts in this case also will be analogous to the common case with only
difference consisting in the fact of the covariant chirality of the ghosts c, c′ or covariant
antichirality of the ghosts c¯, c¯′:
Sgh =
∫
d8z(c¯′ + c′)Lgv(c− c¯+ cthLgv(c+ c¯)) (11.54)
which after expansion in the power series gives:
Sgh =
∫
d8z(c¯′c− c¯c′ + (c′ + c¯′)[v, c+ c¯]) + 1
12
(c′ + c¯′)[v, [v, c+ c¯]] + . . .). (11.55)
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where Φ, Φ¯ are the covariantly chiral and antichiral superfields. The propagators of
chiral superfields and ghosts are
< φ¯φ >= − 1
16




We note that such propagators can be expanded into power series in Wα, W¯α˙, see (11.46).
The expressions (11.53,11.55,11.56,11.52,11.57) can be used for constructing the super-
graphs. The examples of application of the method for the supergraph calculations can
be found in [44].
Now let us give a comparative characteristics for the two methods of superfield calcu-
lations – the background field method and the “common” method.
The crucial difference is the following one. In the framework of the “common” method
the quadratic and linear divergences could arise for the supergraph with arbitrary any
number of the external legs. Really, it is easy to show that the superficial degree of
divergence for the “common” supergraph is
ω = 2− 1
2
ND −Eφ, (11.58)
where ND is a number of spinor supercovariant derivatives associated to the external legs,
Eφ is a number of external chiral (antichiral) legs. We note that the quadratic and/or
linear divergences are possible for any number of external v legs. At the same time, in
the framework of the background field method by the construction of the background-
quantum splitting the only external lines are the background strengths and/or their co-
variant derivatives. The superficial degree of divergence in this case can be shown to have
the form




ND + ǫ− Eφ, (11.59)
where NW is a number of the background strength legs, ǫ = 1 for the chiral (antichiral)




d6z¯W¯ 2), otherwise ǫ = 0; the
ND is the number of derivatives acting on externalWα, W¯α˙ legs (the derivatives presenting
in each Wα, W¯α˙ by definition must not be taken into account!). We see that in framework
of this approach only logarithmic overall divergences are possible, they arise for the terms
proportional to W 2, with the quadratic and linear subdivergences (which are important
if we make a noncommutative generalization) can arise only in subgraphs which are not
associated to the external Wα, W¯α˙ legs.
From formal viewpoint such a difference has the following origin. Really, the superfield
strength by construction contains three spinor derivatives, hence arising of any superfield
strength leg in the framework of “common” formalism decreases by three the number of
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the D-factors which could be converted to momenta (we note that use of the background
field method allows to sum automatically the infinite number of “common” graphs and
forbids existence of the supergraphs with the superficial quadratic or linear divergence),
as a result, the convergence of the supergraph is improved. It is essential in the non-
commutative field theory since it means that the only problems could be generated by
subgraphs only as each contribution to the effective action is in worst case only logarith-
mically divergent. In part, it means that there is no contradiction between the result of
Bichl et al. [45] according to which the different contributions to the one-loop two-point
function of v field in the U(1) NC SYM theory possess quadratic divergences (only their
sum is free of dangerous UV/IR mixing) and the result of Zanon et al. [46] according
to which all one-loop contributions to the effective action in the same theory are free of
the dangerous UV/IR mixing (notice that the calculations in the last paper were carried
out in the framework of the background field method); we should mention also use of
the background field method in the papers [46] devoted to study of the one-loop effective
action in the noncommutative super-Yang-Mills theories. We note that the background
field method allows to preserve the gauge covariance at all steps of calculations.
However, the background field method has one disadvantage – presence of nontrivial
commutators of the covariant derivatives makes all calculations extremelly difficult from
the technical viewpoint.
12 Conclusions
We considered superfield method in supersymmetric field theory. This method allows to
preserve manifest supersymmetry at any step of calculations, and the calculations within
it turns to be much more compact than within the framework of the component approach.
We studied several examples of superfield theories and presented in details quantum
calculations for them. These examples were Wess-Zumino model, general chiral super-
field model, dilaton supergravity and N = 1 super-Yang-Mills theory with chiral matter.
In these theories we developed supergraph technique, studied general form of superfield
effective action and calculated low-energy leading contributions to effective action. It is
natural to expect that development of superfield quantum calculations in other superfield
models formulated in terms of N = 1 superfields including different supergravity models
is in principle no more difficult. We also discussed the background field method in the
supergrauge theories.
Let us briefly discuss other applications and generalizations of the superfield approach
in the quantum field theory. In the last years the following most important ways of
applications of superfield supersymmetry were developed.
1. Studying of theories with extended supersymmetry. It is known that
theories with extended supersymmetry possess better renormalization properties, f.e. as
N = 1 super-Yang-Mills theory is renormalizable, the N = 4 super-Yang-Mills theory is
finite. The most important examples of theories with extended supersymmetry are N = 2
and N = 4 super-Yang-Mills theories. During last years numerous results in studying of
these theories were obtained (see f.e. [47, 48, 49] and references therein).
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It is natural to expect that the most adequate method for consideration of such theories
must possess manifest N = 2 supersymmetry. Such a method is a harmonic superspace
approach developed in [50],[51]. This method is based on consideration of superfields being
the functions of bosonic space-time coordinates xa, two sets of Grassmann coordinates
θiα, θ¯iα˙ with i = 1, 2 and spherical harmonics u±i. Introducing of analytic superfield
[50] allows to develop formulation in terms of unconstrained N = 2 superfield and to
avoid arising of component fields with higher spins. The formulations of N = 2 and
N = 4 super-Yang-Mills theories in harmonic superspace is given in [50, 51], background
field method for these theories is developed in [52, 53, 54], and examples of quantum
calculations are given in [48, 49, 55, 56, 57]. The most important results presented in
these papers are calculation of holomorphic action of N = 2 matter hypermultiplets
in external N = 2 gauge superfield, calculation of one-loop nonholomorphic effective
potential in N = 4 super-Yang-Mills theory and proof of its absence in higher loops,
calculation of one-loop effective action for N = 4 super-Yang-Mills theory for constant
strength tensor Fab, calculation of superconformal anomaly of N = 2 matter interacting
with N = 2 supergravity. During last years other important results achieved in these
investigations were calculation of contributions depending on derivatives of N = 2 super-
Yang-Mills strength W [58, 59], calculation of contributions depending on background
matter hypermultiplet fields [60], and development of quantum approach for N = 3
super-Yang-Mills theory [61] (the manifestly N = 3 supersymmetric approach based on
the harmonic superspace technique for the N = 3 supersymmetric theory was given in
paper [62]).
2. Noncommutative supersymmetric theories. Noncommutative theories have
been intensively studied during last years. Concept of space-time noncommutativity was
introduced to quantum field theory due to some consequences of D-branes theory [63] and
to consideration of quantum theories on very small distances where quantum fluctuations
of geometry are essential. Consideration of supersymmetric noncommutative theories is
quite natural. During last years some interesting results in studying of noncommuta-
tive supersymmetric theories were obtained but they were mostly based on component
approach. The first superfield results were calculation of leading (∼ F 4) correction to
one-loop effective action for N = 4 super-Yang-Mills theory [46] and formulation of su-
pergraph technique for noncommutative Wess-Zumino model [64]. Further, the quantum
superfield studies for the Wess-Zumino model [65] and four-dimensional superfield QED
[66] and super-Yang-MIlls theories [67] were carried out. These theory were shown to be
consistent in the sense of absence of the nonintegrable UV/IR infrared divergences. Thus,
we can speak about construction of the consistent noncommutative generalizations of the
supersymmetric theories of electromagnetic, strong and weak interactions. Therefore, the
next most important problem could consist in development of the noncommutative su-
persymmetric generalization for the last fundamental interaction – the gravitational one.
However, this problem is of course extremely difficult (see discussion of the problem f.e.
in [68, 69]).
3. Noncommutative superspace. One more approach in the superfield quantum
theory is based on use of the noncommutative superspace [70]. Within it, the fermionic
superspace coordinates form the Clifford algebra instead of the Grassmann algebra, which,
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in part, leads to the modified construction of the Moyal product. In the framework of this
approach, the generalizations of the Wess-Zumino (see f.e. [71] and reference therein),
gauge (see f.e. [72] and reference therein) and general chiral superfield model [73] were
studied.
Then, there are a lot of applications of superfields approach to problems of supersym-
metric quantum field theory (f.e. to studying of AdS/CFT correspondence which was
carried out mostly on base of component approach), and of course consideration of many
problems originated from superstrings and branes theory.
As a final conclusion, we can suppose that superfield approach in quantum field theory
is a very perspective one, and there are a lot of ways for its development and more
applications.
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